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Abstract 

In this paper we construct Seiberg-Witten maps for superfields on canon- 
ically deformed N = 1, d = 4 Minkowski and Euclidean superspace. On 
Minkowski superspace we show that the Seiberg-Witten map is not com- 
patible with locality, (anti)chirality and supersymmetry at the same time. 
On Euclidean superspace we show that there exists a local, chiral and 
supersymmetric Seiberg-Witten map for chiral superfields if we take the 
noncommutativity parameter to be selfdual, and a local, antichiral and su- 
persymmetric Seiberg-Witten map for antichiral superfields if we take the 
noncommutativity parameter to be antiselfdual, respectively. 
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1 Introduction 

Field theories on canonically deformed space 

[x i ,x i ]=i& j , i? y ' = -f Gl, (1) 



have recently attracted much attention (for reviews and an exhaustive list of 
references see [1-3]), mainly due to the discovery of this noncommutative space in 
string theory [4-6]. Based on the existence of different regularization procedures 
in string theory, Seiberg and Witten claimed in [6] that certain noncommutative 
gauge theories are equivalent to commutative ones. In particular, they argued 
that there exists a map from a commutative gauge field to a noncommutative 
one, which is compatible with the gauge structure of each. This map has become 
known as the Seiberg-Witten map. 

In [7-10] gauge theory on noncommutative space was formulated using the 
Seiberg-Witten map. In contrast to earlier approaches [11-14], this method works 
for arbitrary gauge groups. Using this method the problems of charge quantisa- 
tion [15, 16] and tensor product of gauge groups [14] were solved and the stan- 
dard model and GUT's were formulated at the tree level on noncommutative 
space [17,18]. 
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Non(anti)commutative superspaces naturally arise in string theory as well 
with x — x deformation (canonical deformation) [19], 9 — 9 deformation [20-22] 
and x — 9 deformation [23]. General deformed superspaces were first studied more 
closely in [24, 25] and recently in [26] and in connection with the supermatrix 
model in [27]. Various aspects of field theory were considered mainly on the 
canonically deformed superspace and since the work of Seiberg [22] also on the 
9 — 9 deformed superspace with N — \ supersymmetry. On both spaces gauge 
theory was constructed without Seiberg- Witten map in [24,28] and [22,29,30]. 
Similar to the nonsupersymetric case, without the Seiberg- Witten map only gauge 
theories for the U(N) gauge group can be formulated on these spaces [28,29]. 

On the canonically deformed superspace, gauge theory with Seiberg- Witten 
maps for component fields was considered in [31,32]. Seiberg- Witten map for 
superfields was briefly considered in [24,33]. In [34] we will present the Seiberg- 
Witten map for superfields on the 9 — 9 deformed superspace. 

In this paper we will construct Seiberg- Witten map for superfields on canon- 
ically deformed N — 1, d — 4 superspace. First we will recapitulate some well 
known properties of this space and construct the gauge theory coupled to mat- 
ter without and with Seiberg- Witten map for component fields. Thereafter we 
will show that on Minkowski space the Seiberg- Witten map is not compatible 
with the requirements of locality, (anti)chirality and supersymmetry at the same 
time. We will present Seiberg- Witten maps for superfields in each case where one 
of these requirements is given up and construct the U(l) gauge theory coupled 
to matter in terms of classical component fields using the nonsupersymmetric 
Seiberg- Witten map. Finally we show that on Euclidean space there exists a 
local, chiral and supersymmetric Seiberg- Witten map for chiral fields if i} tj is 
selfdual 

$ij ~^ijmr$ i (2) 

and a local, antichiral and supersymmetric one if the noncommutativity param- 
eter is antiselfdual 

$ij ~^-ijmr$ ■ (^) 
We use the conventions of [35]. 



2 Canonically deformed superspace 

The canonically deformed real N=l, d = A superspace, which we denote by M 4 ' 4 , 
has the following coordinate algebra [19]: 

[x\x j \ = , 

TZ: [x\9 a ] = [x\h] =0, (4) 
{0 a -,9fi} = {9a, 9^} = {9 a ,9 a } = 0, 
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with i? ,J Gl. Noncommutativity is indicated by a hat. Since the Grassmann coor- 
dinates remain classical, in what follows "commutative" and " noncommutative" 
thus refers only to the bosonic part of coordinate algebra (4). Noncommutative 
functions and fields are defined as elements of the noncommutative algebra 

where is the two-sided ideal created by the relations (4). 

The derivatives can be introduced on a noncommutative space in a purely 
algebraic way [36]. In the case of canonical deformation, both the bosonic and 
fermionic derivatives act on the coordinates as in the classical case 

ft,*'] = V> a ,^} = Sf, ... (6) 

When $ y is invertible, the bosonic derivatives are internal operations in the 
algebra A and they are given by 

diF(x, 9, §) = -i^W, F% 9, 1)] , (7) 
which leads to the classical relation 

[diA] = °- (8) 

It is convenient to use the star product formulation of the algebra. The star 
product on this noncommutative superspace is the well known Moyal-Wayl star 
product 

F(x,9,9)*G(x,9,9) = e** *>*W F(x,e,9)G(y,9,9)\ y ^ x 

= FG+ 1 - $ ij diF djG - \d l H kl d l d k Fd 3 d l G + ... (9) 
2 8 

Some useful properties of this product are: 

• involution 

F * G = G * F , (10) 

• Leibnitz rule 

8 A (F*G) =d A F* G + F*d A G , (11) 
where d A = (d m , d a , d & ), 

• ordinary product of two functions under the integral 2 

J d s zF*G = J d 8 z FG , (12) 
if the functions vanish at infinity (which we demand), 



2 d 8 z - d A xd 2 ed 2 e. 



3 



• cyclicity of the product under the integral sign 

d s zF*G= [ d s zG*F. (13) 



2.1 Symmetries 

The algebra (4) is covariant under the group of classical supertranslations parametrized 

by (a, |, |) 

x' m = x m + a m + i9a m i-iia m 9, 
9' a = h + L, (14) 

& a = 9 a + (,a ■ 

which is generated by the complex charges Q a , Q A and the four momentum P m . 
The generators have the same representation as in the classical case 

An = id m , (15) 
Q a = d a -i(a m 9)J m , (16) 
4 = ~k + t(9a m )J m . (17) 

The supersymmetry algebra remains undeformed 

[Pmi Qa] = \Pmi Qa] = ^ ; 
{4,4} = {4, ^} = °' 

{Q a , 4) = 2(T ap P m^ (18) 

because the algebra of derivatives is the same as in commutative case. 

2.2 Superfields 

The covariant derivatives also have the standard form 

Da = d a + i(a m ~9) a d m , (19) 

D a = -5 a -t(9a m )Jm, (20) 

and we can define chiral superfields by D a & = 0, antichiral superfields by D a & = 
and vector superfields by V — V. The component expansion is the same as in the 
classical theory but with noncommutative fields as components 

$($,§) = A(y) + V29iP(y) + 99F(y), (21) 

V(x,9,9) = -^a m ^ m (£)+^A(£)-^A(£) + ^^(x), (22) 



where y m = x m + i9a m 9 and V is in the Wess-Zumino gauge. 

The supersymmetry transformation of the component fields may be found 



from and S^V where 



S ( = (|Q + |(5) • (23) 



Since the generators Q and Q act on the superfields as in the classical case, the 
transformation of the component fields maintain the classical form as well 

SfA = V2£i>, (24) 

6$ = iV2a m id m A + V2iF, (25) 

SgF = iV2ia m d r J, (26) 

6gv m = ii<J m \ - i\a m i , (27) 

5 fX = i£d + 2a mn £d m v n , (28) 

Sfd = la m d m \-ia m d rn l. (29) 

2.3 Gauge theory 

Consider the noncommutative gauge transformation of a chiral superfieldfield $ 

5~J> = -ik * $ , (30) 

with the Lie algebra valued noncommutative gauge parameter A = A a T a and 
DA = in order to preserve chirality. T a are generators of the appropriate gauge 
group and form the Lie algebra 

[T a ,T b ] = if ab c T c . (31) 

The commutator of two gauge transformations has the same form as in the clas- 
sical case 

hh - hh = . ( 32 ) 

but the commutator 

[A * £] = i{A a : t b }[T\T h ] + i[A a : t b ]{T a ,T b } (33) 

only closes into the Lie algebra if the gauge group under consideration is U(N). 
Thus in this setting gauge theories with gauge groups SU (N) can not be consid- 
ered. However, using Seiberg-Witten map we can consider SU(N) or arbitrary 
groups. 
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In what follows we will restrict our considerations to the gauge group U{\). 
The generalisation to U (N) is straightforward. The noncommutative supersym- 
metric U(l) gauge theory coupled to matter, which is the supersymmetric exten- 
sion of noncommutative electrodynamics, is constructed in terms of two chiral 
superfields: 

= -ih * <f> + , <5 A I>_ = i<f>_ * A . (34) 

The action is 
where 



S — Sym + + Sint(_) + <Sm , (35) 



S YM = \ J d4xd20 * W«) + c.c. , (36) 

S int(+) = J d A xd 2 6d 2 6 (4+ * ef * $ + ) , (37) 

= J d 4 xd 2 8d 2 6 * e~ 9i/ * $_) , (38) 

S m = m J d 4 xd 2 6 * $+) + c.c. . (39) 
The noncommutative exponential function is defined as 



/, V- 1 . A 1 A A 1 



e; = E^i^)" = l + F+-F*F + -F*F*F+... (40) 

n=0 

Because of the star product noncommutativity, the gauge transformation of 
the gauge field V has the same form as in the nonabelean case 

S A V = -ik * ef -Hef * A . (41) 

The noncommutative supersymmetric chiral field strength 

W a = - l -bb ef *D a *et (42) 
has the gauge transformation 

6 k W a = i[W*A]. (43) 

The expansion of the Lagrangian in component fields in Wess-Zumino gauge has 
the same form as the classical nonabelian supersymmetric gauge theory, e.g 



>YM 



= j d A x(^--J mn *l mn -il*o m V m *\+\d*d) , (44) 



where 
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fmn = d m V n - 8 n V m + l ~[v m * V n ] , (45) 

V m \ = d m \+ l -[v m *\}. (46) 
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3 Construction of the Seiberg-Witten map in 
terms of component fields 

To determine the Seiberg-Witten map in the supersymmetric case we will start 
with the supersymmetric Seiberg-Witten equation for the gauge field V and the 
chiral (matter) field $ 

V(V) + 5 A V(V) = V(Y + 8 A V), (47) 
V) + 5 k $(<S>, V) = + 5 A $, V + 5 A V) , (48) 

To simplify matters we consider the abelian case, since the generalization to 
nonabelian case is straightforward. We choose furthermore the Wess-Zumino 
gauge in which the equation (41) and the gauge parameter A have the form 

5 k V = i{k-k) + % -[V* A + A]. (49) 
A(y,9) = -a(y), (50) 

where a is the ordinary abelian noncommutative gauge parameter. 

For the solution of the Seiberg-Witten equations we use the same procedure 
as in the nonsupersymmetric case [6,37]. We expand the superfields in the non- 
commutative parameter # y 

V = V + V'(V,ti) +o(tf 2 ), (51) 
$ = $ + $'($, V, 0) +o(^ 2 ), (52) 
A = A + A'(A,y,i?) + o(^ 2 ) , (53) 

and solve the Seiberg-Witten equations (47) and (48) perturbatively order by 
order in the noncommutativity parameter d l] . To zeroth order we get the classical 
gauge transformations. To first order we get 

V -V\V + 5 A V)+i{K -K) = ^diVdjiK + K), (54) 

$'-$'($ + 5 A $,V + 5 A V) -i(A'$ + A$') = dikdj® . (55) 

These equations can be solved easily componentwise. With the assumption that 
the noncommutative component fields depend only on their classical counterparts 
and the classical gauge field v m , we get the following Seiberg-Witten equations 
for component fields to first order in $ u 

V 'm - V 'm( V + ^V) ~ 2 d m a' = ft 13 diOidjVm , (56) 

X' -X\X + 8 a X,v + 8 a v) = P'diOidjX, (57) 
d! - d'(d + 5 a d, v + 5 a v) = & i d i ad j d, (58) 
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A'- A\A + 5 a A,v m + S a v m ) + ia'A + iaA' = -P'diCidjA, (59) 
if -^\ip + 5 a ^,v m + 5 a v m ) + ia'A + iaA' = 8^8^ , (60) 
F' -F'{F + 5 a F,v m + 5 a v m )+ia'F + iaF' = -& i d i adjF , (61) 
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The solution is 3 



ct'(ct,v) = 




v'M = 


^& 3 Vi(djV m + f jm ) 


A'(A,«) = 




d'(d,v) = 


\$ ij Vidjd, 


A\A,v) = 


\^VidjA, 


i)'(ip,v) = 


\$ ij Vid^ , 


F'(F,v) = 





(62) 
(63) 
(64) 
(65) 
(66) 
(67) 
(68) 

The nonabelian generalisation of the solutions (62)-(65) were also found in [31], 
where the authors have used a different method to determine the Seiberg- Witten 
equations (56)-(58). 

Using the above expansions one gets the action (35) expanded to first order 
in t? 4J in terms of classical component fields. For example we get for the linear 
term in i?* 7 in the Yang-Mills action (44) 



^YM ~ j d X { / fmifnj + ^ fijf fi 

+ i{dM m \-\v m 8 i \)f jm 



+ \ {d m \a m \ - \a m d m \ - id 2 ) h } . (69) 

Due to the construction the # u expanded action is invariant under commutative 
gauge transformations. But, as was realised in [31], it is not covariant under the 
commutative supersymmetry transformation. However, one can also expand the 
supersymmetry generators in i? u where the expanded terms depend on the com- 
mutative component fields of the gauge superfield in such a way that the action 

3 We remind that in Wess-Bagger convention, which we use, the gauge transformation of 
the abelian gauge field v m has the form S a v m = —2d m a. This differs from the usual gauge 
transformation by the factor —2. For this reason the Seiberg- Witten maps for the fields a', v' m 
and ip' differ from the usual ones [6, 10,37] by the factor — \. 
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will be covariant in each order under the action of these expanded supersymmetry 
generators. This was outlined in [31,38] (see also [32]). 

The solutions (62)-(68) are very restrictive because we assumed that the non- 
commutative component fields depend only on their commutative counterparts 
and the classical gauge field v m . Indeed, there is no reason for such a restriction. 
Giving up this restriction one could ask if it is possible to get solutions which will 
lead to an action which is invariant under classical supersymmetry. This question 
is automatically answered by solving equations (54) and (55) explicitly in terms 
of superfields. 

To solve equations (54) and (55) we first have to find simultaneously the 
Seiberg-Witten map for A' and V' . To avoid this we will apply the method 
developed by Wess and collaborators in [7-10] to determine the Seiberg-Witten 
map for the superfield case. 

4 Construction of the Seiberg-Witten map in 
terms of Superfields 

We consider again the noncommutative gauge transformation of a chiral matter 
field (30), but with enveloping algebra valued gauge parameter A: 

A = A a T a + K ab : T a T b : +K' abc : T a T b T c :+..., (70) 

where A' is linear in i9* J , A" is quadratic in $ u etc. The dots indicate that we have 
to sum over a basis of the vector space spanned by the homogenous polynomials 
in the generators T a of the Lie algebra. Completely symmetrized products could 
serve as a basis: 

: T a : = T a , : T a T b : = ^(T a T b + T h T a ) , etc. (71) 

The commutator of two transformations (32) is certainly enveloping algebra 
valued. Hence we can use arbitrary Lie groups but the price we seem to have to 
pay is an infinite number of gauge parameters and an infinite number of gauge 
fields. 

To avoid this problem we define new gauge transformations, where all these 
infinitely many gauge parameters depend just on the classical gauge parameter 
A, the classical gauge field V and on their derivatives. We assume moreover that 
all superfields considered (e.g. $, V") depend on their classical counterpart, the 
classical gauge field V and on their derivatives. This dependence, which we call 
Seiberg-Witten map, will be denoted by A(A, V), $($, V) and V^V). 

The gauge transformations for the noncommutative chiral matter field and 
the noncommutative gauge field now have the form 

5 A $($,y) = —ik(A, V) * $($, V) , (72) 

5 A V(V) = -ih(A,V) * ef (y) + tet {v) * A(A,V) . (73) 
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Since equation (32), called consistency condition in [10], involves solely the gauge 
parameters, it is convenient to base the construction of the Seiberg-Witten map 
on it. In a second step the remaining Seiberg-Witten maps for the matter field 
and the gauge field can be computed from the equations (72) and (73). 

The procedure in the abelian case is the following. As was mentioned, we 
start with the consistency condition which has the following form in the abelian 
case 

(5 a 5j:-SM^,V) = 0. (74) 
With equation (72) we get more explicitly 

-i5 A ±(E, V) + i<y E A(A, V) - £(£, V) * A(A, V) + A(A, V) * E(E, V) = . (75) 

The variation <5aE(E, V) refers to the V-dependence of E(E, V) and the gauge 
transformation of the supersymmetric abelian gauge field V 

5 A V = i(A - A) . (76) 

We now expand the consistency condition and the gauge transformations (72) 
and (73) using the expansions (51)-(53) and the expanded star product (9). From 
these expanded equations we can then determine the Seiberg-Witten maps order 
by order in t? u for all considered superfields. To first order in $ u we get the 
following equations 

5 A E'(E,l/)-cfeA'(A,y) = ^diAdjE, (77) 
5 A <f>'(<f>,V) + iA$'($,V) + iA\A,V)<5> = jU^Ao^ , (78) 

5 A V'{V)-iA\A,V)+iX(A,V) = l^ ij d i (A + A)d j V . (79) 
We will now look for solutions of these equations. 

5 Seiberg-Witten map on Minkowski space 

It is reasonable to require the following properties of the Seiberg-Witten map for 
superfields: 

1. locality (in each order), 

2. chirality of the gauge parameter 

(otherwise we would not have a gauge theory which involves only one real 
vector superfield V since it would not be possible to impose the so called 

representation preserving constraints [39,40]), 

3. covariance under classical supersymmetry. 

First we will show that on canonically deformed Minkowski super space there is 
no Seiberg-Witten map for A which fulfils all three requirements. However, as 
we will see, there are solutions if we give up one of the requirements. 
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5.1 No go theorem 



Theorem: On canonically deformed Minkowski superspace (see equation (4)) 
there is no Seiberg- Witten map for the gauge parameter A which is local, chiral 
and super symmetric at the same time. 

To prove this theorem, it is sufficient to prove that there is no local, chiral and 
supersymmetric solution of the consistency condition to first order in (77). 
We show this by using dimensional analysis. 

The right hand side of the consistency condition (77) is linear in each of the 
classical superfields A and E. All terms in the ansatz for A which would contain 
powers of V can therefore solve only the homogeneous consistency condition 
because of (76). Hence we make an ansatz for A' only linear in V without loss of 
generality. Moreover A' has to be linear in the classical gauge parameter A and 
by definition linear in d 1 ^ . In order to have a supersymmetric expression we may 
use the bosonic derivatives d m and the covariant derivatives D a and only. 
The mass dimensions of these objects are 

[A'] = [A] = [V] = , [0tf] = -2, [d m ] = l, [D a ] = [D i ] = ±. (80) 

It is not hard to see that there is only one local, chiral and supersymmetric 
combination of A, V, d m , D a and with appropriate index contraction and 
mass dimension zero. It is [24] 

A' = aP a(3 D 2 (D a ADpV) , (81) 

where a is a constant and 

p°f> = ^ ij£ a ^(a ij )f . (82) 

We put this ansatz for A' and E' in the left hand side of the consistency condition 
(77) and get 

OaE'-o" s A' = 32aiTr (a ij a mn ) <9 m Ad n E 

= -32a* (V + % -e ijmn d m ^j c^E . (83) 

There is no choice of the constant a which makes this expression equal to the 
right hand side of the consistency condition. Thus we proved the above theorem. 

Nevertheless, it is obvious from equation (83) that the ansatz (81) would be 
a solution of the consistency condition if we would take i? u to be complex and 
selfdual. But in this case we would have to complexify the canonically deformed 
Minkowski superspace. The other possibility is to consider the canonically de- 
formed Euclidean superspace on which the selfdual i?* 3 ' is real. Before we do this, 
let us consider the Seiberg- Witten maps for superfields on deformed Minkowski 
superspace when one of the above requirements is given up. 
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5.2 Nonchiral solution 

A nonchiral solution of the consistency condition (77) is 

l -P^{d a6c K){D,D p V), 



A(A.f) |( .< V-MM-M-,' 



(84) 



where P 010 ^ 13 and d a a are the noncommutative parameter and the bosonic deriva- 
tive in spinor notation 



paa$/3 _ a ^iau-j$f3 o _ m o 



(85) 



One gets this nonchiral Seiberg-Witten map for the gauge parameter immediately 
by the attempt to write the equation 



A \e=e=o = ~ a ' = ~^Vid 3 a 



in a supersymmetric way in terms of the superfields A and V since 



D ^ V \e=e=o 



P0 



(86) 



(87) 
(88) 



With this solution we can now solve the equations (78) and (79) and obtain the 
following Seiberg-Witten maps for $ and V : 



$'(*,V) = -^P^(d a ^)(D^D p V), 



V\V) = 



1 

16 



P^{d a6l V){D,DpV). 



(89) 
(90) 



The solution (89) is nonchiral as well. 

In the Wess-Zumino gauge we get the following component expansion of these 
solutions: 



K(y,9,9) 



■-$ K Vidja + i9<7i\dja + idoiXd^a 



fjm ~ iVmjd)dia 



-i6a m 6 

+999a j a m d m Xd i a } , 



(91) 



$(y, 9, 9) = - l -^\d l Av j + yfiefavj + -^(TjXdiA) 

— i — 

+i9ajXdiA + 99 diFvj -=diip<jjX 

L v2 
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+i9a m 9 
+999 



+iaj\diF - a^dmXdiA 



(92) 



V(x,9,9) = -$ lJ \9a m 9(v j d i v m ) -1999 



+i999 



1 



®i^ V 3 ~ -V m °jXdiV m 



--9999 [diiv.d) - d t v m *f jm - di(XajX)] \ , (93) 



where *f a b = ^£ a bcdf cd and is the complexifyed selfdual field strength defined 

as USUal: f mn — fmn + i fmn- 

From the component expansion we see that there are additional peculiar as- 
pects of this solution besides the nochirality of the gauge parameter. From (93) 
we read off the Seiberg-Witten map for the ordinary gauge field v' m 



(94) 



and realise that it does not coincide with the original one of Seiberg and Witten 
which is (63). Furthermore, from the equation (91) we see that the —i9a m 9 
component of A (x, 9, 9) is 



A'(x,9,9)\_ 



d m cx + f m , 



(95) 



where 



-j&'VidjOL, 



a {a,v) 

f m (a,v,d) = --^ (//„? - i Vmj d) di 



a 



(96) 
(97) 



This implements an unusual gauge transformation of the noncommutative abelian 
gauge field v m 

5 a v m = -2d m a + i[a* v m ]- (f m + f m ) . (98) 

We want to make one more comment on the nonchirality of the superfield A. 
Since A' is a complex linear superfield satisfying the constraint D 2 A' = 0, one 
could ask if the same is true for A. This would be the case if the Seiberg-Witten 
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map to all orders would satisfy this constraint. With some computation one can 
show that 

A"(A, V) = -^P &a ^P^(D & D a A)(D^V)d w (D D u V) (99) 

solves the consistency condition expanded to second order in the noncommutative 
parameter 

5 A S" - 5 S A" = &'d i Ad j Y;' - ^diUdjhl . (100) 

This solution does not satisfy the constraint D 2 A" = and is therefore not a 
complex linear superfield. Since this solution is not unique, it is still an open 
question if there exists a complex linear solution to second order. 



5.3 Nonlocal solution 

The most natural way to create a chiral Seiberg-Witten map for the supersymmet- 
ric gauge parameter out of the nonchiral one (84) is to insert the chiral projector 

D 2 D 2 , x 

P= , 101 

16D 

where □ = d m d m in front of the nonchiral term DaD a V. The Seiberg-Witten 
map created in this way 

A' (A, V) = -±P™W(d adK A)P(DpDpV) , (102) 

is still a solution of the consistency condition (77). 

The nonlocality enters in this solution due to the nonlocal chiral projector. 
As a matter of fact, the chiral constraint D&A =0 contains derivatives and is like 
a differential equation in superspace. Hence, it is not ultralocal in the x variables 
(ultralocality means that the constraint is determined exclusively by the function 
at x, but not it's derivatives). This is why the chiral projectors on fields are 
nonlocal. One has to invert derivatives with respect to x. 

The corresponding nonlocal solutions of the equations (78) and (79) are 

$'(<!>, V0 = -^P^(d a ^)P(D^DpV). (103) 
V(V) = -^P^(d a aV)P(D DpV) + ^P^(d a& V)P(DpD p V) 



~P &a ^{PD & D a V){PD p Dp\ 



~P 6a ^{PD & D a V){PD p DsV) . (104) 



It is obvious that Da& = 0. Since PDaD a = —2iPd a a we can write the Seiberg- 
Witten maps (102)-(104) in a simpler form 

A\A,V) = ^diAPdjV, (105) 
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= ^d&PdjV , (106) 
V\V) = P)d i V{l- P)djV . (107) 

The solutions (105) and (107) were first found in [33]. 

The nonlocal Seiberg-Witten maps for the component fields can be deduced 
from the nonsupersymmetric Seiberg-Witten maps that we will now discuss. 



5.4 Nonsupersymmetrtic solution 

Another possibility in order to modify equation (84) into a chiral one is to use 
the nonsupersymmetric chiral projector M 

M = -^D 2 D a M a , (108) 

where 

M a = -d a + 3t(a m 9) a d m , (109) 

instead of the supersymmetric one (101). The nonsupersymmetric Seiberg-Witten 
maps for the fields A', $' and V' are therefore the same as (102)- (104), where 
the chiral projector P is replaced by M and the antichiral projector P by M, 
respectively. 

It is worth noticing that Q a commutes with M and with M. The chiral 
fields A and $ retain therefore A" = (|,0) and the antichiral fields A and $ 
N = (0, |) of the original N = (|, |) super symmetry. 4 The vector superfield V' 
however brakes the entire A^ = (|, |) supersymmetry because it contains both 
projectors. 

The fields A and V have the following component expansion in the Wess- 
Zumino gauge 



A'(y,9) = -a'(y)+6 V '(y), (110) 
V'(x, 9, 6) = i0x'(x) - i6x'(x) - 6a m 6v' m (x) + i066 



X'( x ) + % -a m d mX \x) 



-ieee 



\'{x) + % -a m d mX \x) 



+ -eeeed\x). (111) 

2 



These are different from the classical ones (50) and (22), while the component 
expansion of $ is still the classical one (21). The Seiberg-Witten maps for the 

4 Recently, Seiberg [22] considered the 9 — 9 deformed superspace which keeps the N = \ 
supersymmetry and has some interesting properties from the field theoretical viewpoint (see 
e.g. [41] and references therein). Therefore it is more suitable to denote the N — l superspace 
as JV=(i, |) superspace. 
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component fields are 



a'(a,v) = --^diOVj, (112) 
r}'(a, A) = —^diXdja, (113) 



A'(A,v) = ~# ij diA Vj , (114) 



4>'(4>,v,X) = (d^Vj + -^VjXdiAj , (115) 



F(F,i;,v,X) = \ d i Fv j --j=drt<r j \) , (H6) 

X'(A^) = l^cJiXvj, (117) 
u m (u, A, A) = J $ ij (^Vi (djVm + f jm ) + J e ijmn Aa n A^ , (118) 

A'(A, V ) = -I^^A^-^a^A/mi) , (H9) 
v, A, A) = 0« ^idvj - diXajX + % - \dMjX) 

-X a .Q.\- % -\Xa^X)^, (120) 

where *(<9jAcrjA) = |£jj mn d m Acr n A. 

Comparing these solutions with the solutions obtained in chapter 3, we see 
that additional terms enter which are solutions of the homogenous Seiberg-Witten 
equations. Hence, these solutions are connected to the solutions in chapter 3 
via field redefinition. Furthermore, the Seiberg-Witten maps (112), (115) and 
(118) coincide with the original ones proposed by Seiberg and Witten when the 
superpartner fields are set to zero. 

The expansion of the field strength in classical component fields can be de- 
termined from equations (42), (111) and (117)-(120). It is 

w' a { y ,e,e) = \^w ai] , (i2i) 



where 



W aij = 2id i X a v j + -(a m a i X)J : 



— da 



2didvj — diXajX + - *(<9jAcr.,A) — XajdiX — - *(X<TjdiX) 
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+ 2i {a mn e) a 
+ 66 



t — % — 

fmifnj - Vidjf mn - - dm^XaiCinCrjX) + - d n (Xai&majX) 



2 {a m d i X) a f jm - 2 (<7 m d rn diX) a Vj + \ (a m a n a t d m (Xf nj )) i 



.(122) 



Now we want to make a remark on the Seiberg-Witten map for the component 
fields of the nonlocal solutions. The difference lies in using different projectors. 
The difference in the component expansion comes from the terms on which the 
projectors act. These terms are 

(MDajDV) (y,0) = -2v, - 2i6a j X , (123) 
(PDa.DV) (y, 6) = -2 (?^ v ™ - i^dj + 4i6a m ^X . (124) 

From this we see that we get the Seiberg-Witten map for the component fields of 
the nonlocal solution by the following replacement of each Vj and <7jX (respectively 
Vi and (jjA) in equations (112) - (120): 

_^ dAn v m_ i d ld (125) 

afX — > -2a m ^X. (126) 

5.5 Nonsupersymmetric noncommutative electrodynam- 
ics 

We are now able using the Seiberg-Witten maps (114-120) to expand the action 
(35) in classical component fields to first order in •d i3 \ With the expansion of the 
superfields and star product we get 

S' YM = X - J d 4 xd 2 6 (w' a W a ^ + c.c. , (127) 
S' int{+) = J d 4 xd 2 6d 2 e jl» + ct>; + e + % - WQ+diVdj*- 

+ y (® + V 2 $' + + $ + VV'$ + + l - ^ ij ^ + d t V 2 d J ^ | + c.c. , (128) 
S' m = m J d 4 xd 2 6 + + c.c. . (129) 

We omit the action S' int since it can be easily deduced from the action S' int . 
The Seiberg-Witten maps for the component fields of the chiral superfields 
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and have the same form (114)-(116). The action (35) expanded in classical 
components via Seiberg-Witten map to first order in $ lj is 



> yM = Equation (69) 



+ - / d 4 x$ lj 



+ 



Z Z 



f 



d 



Xaia m a n d n X - d n Xa n a m aiX 

z L 

— J d / fmifnj + ^ fijf frnn + ~ ^ A? 

+ - feAa m A + 2 *(<9jAcr m A) - Aa m ^A + i \Xa m d i X) 

Z L 

+3 m A<7; A - % *(<9 m Aa,A) - Aa^ m A - i *(Aa^ m A) ] 



+ 



— % — — % — 

diXo-jX - - *(diX(7jX) + XajdiX + - *(X<jjdi\) 
z z 



4,(130) 



s 



= i y d 4 z<r{<9™A9 m (<^) + d m Ac> m (<M^) - \FFf l3 

+ i(d^a m d m 4> - d m iPa m dS)vj + -^(Fd^afX - FXafiS) 

V2 

+ -^(dJp^ajXdiA + Xa^d^diA) 
V2 

+ - [ 2 Ad m A + d m AdjA) diV m - 2iAd j Ad i d 
z\ 

+ 2^/2{Ad i Xd^ + AdiXdjii) + 2id i v m d j 4)a m i> 

+ i(AdiA - AdiA) Vj d m v m - (Ad t A + AdiA) (d Vj - XajX) 

+ 2%{d m Ad i A - d m A8 l A - % - - % - ^a m dS)v jVm 

+ iV2(AXdi$ - AXdiip + diAXip - diAX^) Vj 

+ ^=(d i AX(r j a m ij - diA^0 m Oj>)v m 
v2 



+ 4 



2id i Ad j Av m v m + (AdiA + AdiA) 



VjV m Vr, 



2AAv m [vi{djv m + f jm ) + - e ijmn Aa n A] 



+ —=(A^a m a j X + AXaja m ip)viV r , 
V2 



(131) 
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+«v / 2^ + ^_ + A^^jajdiX | + c.c. (132) 

Since all component fields in S' int have the same lower index we have omitted 
it to make the formula more readable. 



6 Seiberg-Witten map on Euclidean space 

We will be working on canonically deformed Euclidean superspace, but we will 
continue to use Lorentzian signature notation. We pass from Minkowski to Eu- 
clidean space in the convenient way by substituting x° — > — ix°. Although the 
formulas in section 2 still hold we should bear in mind that dotted and undotted 
spinors, e.g. 9 and 0, are independent objects on Euclidean space. This applies 
to chiral and antichiral fields, too. 

The defining equations for the Seiberg-Witten map remain the same (77)- 
(79). Thus the nonchiral, nonlocal and nonsupersymmetric Seiberg-Witten maps 
obtained in the previous section on Minkowski space remain unchanged on Eu- 
clidean space. 

Let us now take the noncommutativity parameter to be selfdual *d' 1 ^ = $ u 
and denote it by d l g D in what follows. In this case there exists a local, chiral and 
super symmetric solution of the consistency condition (77) with replaced by 



tf> SD . It is 



where 5 



A ' = ^ P f D D 2 (D a AD p V) , (133) 



^t = ^f^VV- (134) 
With some calculation one can show that the solution (133) can be written as 

A = ^nonchiral + ^hom J (135) 

where A.' nonchiral is the nonchiral solution (84) with P aa ^ replaced by 

p|^ = tfgV dQ <r^. (136) 

The second term 

Aw = -^Pf D D a KW p (137) 

is a solution of the homogenous consistency condition. 

The corresponding Seiberg-Witten map for the field $' is 

*'(*, V) = ~P^ fi (d^)(D $ D fi V) - ^P&DJiWf, . (138) 



5 It doesn't matter if we use a general $ lj or fifP in (134) since df D a 13 = Id^cr^ due to the 
sclfduality of cr 4 - 7 . 
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In order to determine the Seiberg-Witten map for the gauge superfield V, we have 
first to ascertain the Seiberg-Witten map for the superfield A. On the Minkowski 
space this can be easily done by taking the complex conjugate of A, whereas on 
Euclidian space in we have to solve the consistency condition for A explicitly. In 
the abelian case the consistency condition for A to first order in is 

5 A E'(E, V) - <J E A'(A, V) = tiffdikdjV ■ (139) 

From section 5.1 it is obvious that the only local, antichiral and supersym- 
metric ansatz for the Seiberg-Witten map for A is 

A' = aP^ D D 2 (D„AD^V) , (140) 

with 

P% D = ^ D e pi p i r,. (141) 

This is however not a solution of the consistency condition (139). But it is obvious 
that it would be a solution if we take the noncommutativity parameter to be 
antiselfdual. Thus if the deformation parameter is selfdual we are forced to give 
up the antichirality of the superfields A and Contrariwise, if the deformation 
parameter is antiselfdual we are forced to give up the chirality of the superfields 
A and $. 

A nonchiral Seiberg-Witten map for the field A' is 

A' (A, V) = ^P^(d aa A)(D,D^V) . (142) 

It is easy to guess the Seiberg-Witten map for the field $' and the gauge superfield 
V which correspond to solutions (133) and (142). They are 

$'(!», V) = ^P™W(d a& <&)(DpD $ V), (143) 
V\V) = -^P^(d aA V)(D^V) + -^Pf D D a VW,. (144) 

In the Wess-Zumino gauge the field has the usual component expansion (21), 
A as given in (110) and V as follows: 



V (x, 9, 9) = -i9x'{x) + 99M - 6a m 9v' m {x) + i999X'(x 
-1999 



X'(x) - l -a m d m ^(x) 
The Seiberg Witten maps for the component fields are 



+ ]-9999d'{x) . (145) 



a'(a,v) = —^ % sD^i av ji (146) 
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rf(a,\) = - l -^ D a~\d ja , (147) 

A'(A,4>,v,\) = -1^ d ^,-^=^'a), (148) 
f(A,i;,F,v,X,X,d) = -^n^vj + ^afX^A-^a^f^ 



+ l -a i ^d+^=a i iXF), (149) 
F, v, X) = -\^ D (diFvi -^=8, (ipajX) -\FffjP} , (150) 

x'(v,X) = l^M, (151) 

M'(A,A) = --LdgpA^A, (152) 
lo 

A, A) = ^ ^ (29jU m - //^ + i% m (i) + ir/^A^A) , (153) 

A'(M) = -\n D (diXv 3 -\\ffP -l^ajXd^ 

A &j a m d m Xv^, (154) 

X'(X,v) = -U%(^ i Xv J - 1 -a m a J X{f^ + 2d l v m ) 

+ ^a lj X(?J, (155) 

J(v,X,X,d) = -^%(^ dl (v J d)-d t v m % m + i -d m {vJ^) 

+2Xa j d i X - i diiXajX^j . (156) 

Taking the complex conjugate of the equations (91) and (92), we get the Seiberg- 
Witten maps for the component fields of A and $ . Note that by complex 
conjugation on Minkowski space changes to fj^ D - 

From the component expansion of the field A' and equation (153) it is evident 
that this solution has the same peculiar properties as the nonchiral solution on 
Minkowski superspace (see section 5.2). 

The determination of the Seiberg-Witten maps on the canonically deformed 
Euclidean superspace with an antiselfdual noncommutativity parameter is straight 
forward and will not be considered further. 
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7 Conclusion 



On canonically deformed N—l, d = A Minkowski superspace there is no Seiberg- 
Witten map for (anti)chiral superfields which is at the same time (anti)chiral, 
local and supersymmetric. We have presented Seiberg-Witten maps for super- 
fields in each case where one of this requirements is given up and constructed the 
U(l) gauge theory coupled to matter in terms of classical component fields using 
the nonsupersymmetric Seiberg-Witten map. 

The reason such a no-go theorem exists is that the chiral constraint contains 
derivatives, and therefore, in order to keep the constraint for more generic terms 
that can be generated by the Seiberg-Witten map, one needs a nonlocal projector. 

On canonically deformed N—l, d = 4 Euclidean superspace we face the same 
incompatibility for a general noncommutativity parameter. However, if we take 
the noncommutativity parameter to be selfdual (antiselfdual) there exists a chiral 
(antichiral), local and supersymmetric Seiberg-Witten map for the chiral (antichi- 
ral) superfields and only antichirality (chirality) is broken. Thus it is not possible 
to construct in terms of the Seiberg-Witten map a local and supersymmetric 
gauge theory with both chiral and antichiral superfields on these spaces. 
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